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1. Phys.: Condens. Matter 5 (1993) 2521-2532. Printed in the UK

A description of the high-density electron system in terms of
bosons

L G J van Dijk and G Vertogen

Institute for Theeretical Physics, Catholic University, Foeracoiveld, 6525 ED Nijmegen, The
Netherlands

Abstract, Tomonaga's idea of describing the one-dimensional jellium model in terms of bosons
is adopted for the three-dimensional case, but worked out in a completely different way. An
algorithm is given for the construction of a boson Hamiltonian that takes into account the full
dynamics of the jettium model at all densities.

The algorithm is applied to a reduced form of the jellium model, which has the same ground
state energy as the jellium model in the high-density limit. The resulting boson Hamiltonian is
compared with Sawada’s Hamiltonian, which also has this ground state energy in the limit of
high density. Finally, the present boson formulation is discussed briefly.

1. Introduction

The system of interacting electrons moving against a uniform background of neutralizing
positive charge is known as the jellium model. Until now the ground state properties of
the jellium model can only be calculated approximately except in the limiting cases of
extremely high and low densities.

Several ways of approach exist for dealing with the electron system. One of them
is to reformulate this system in terms of bosons. The boson formulation of the one-
dimensional model has been discussed by Tomonaga [1]. His formuiation holds in the
high-density limit, as then only scattering processes with small momentum transfer are
important. The three-dimensional systern has been discussed by Sawada in terms of a
free boson Hamiltonian [2]. His purpose was the justification of the ground state energy
calculation by Gell-Mann and Brueckner [3], who summed an apparently divergent series
of ring diagrams. That calculation, which is equivalent to the random phase approximation
of Bohm and Pines {4], leads to the exact ground state energy in the high-density limit.
Sawada’s Hamiitonian is the resuit of discarding ail interaction terms that do not generate
ring diagrams. Consequently Sawada’s boson description is only equivalent to the fermion
description within the framework of perturbation theory. This means that Sawada’s three-
dimensional approach is not analogous to Tomanaga’s formulation, as the latter one takes
into account the full dynamics of the one-dimensional system in the high-density limit. The
results of Arponen and Pajanne [5], who generalized Sawada’s Hamiltonian and obtained
a boson Hamiltonian, which is non-Hermitian and of sixth order in the boson operators,
support this conclusion.

The purpose of the present paper is to obtain 2 Tomonaga-like boson formulation of the
three-dimensional fermion system. In section 2 the aigorithm is given for the construction
of a boson Hamiltonian ffg, that takes into account the full dynamics of the jeilium model
at all densities. An explicit construction of Hp appears impossible in general. In section 3
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2522 L G J van Dijk and G Vertogen

the given algorithm is applied to a reduced form of the jellium model, that allows an
explicit construction and has the same ground state energy as the jellium model in the high-
density limit. The resulting boson Hamiltonian is compared with Sawada’s Hamiltonian.
Uniike Sawada’s expression the present one describes a fermion system and can therefore be
considered as a three-dimensional analogue of Tomonaga’s Hamiltonian. The significance
of the present boson formulation is discussed in section 4. Finally it should be remarked
that the present paper can be considered as a logical continuation of a previous treatise on
the boson formulation of the low-density electron system [6].

2. The boson formulation

The plane wave representation of the jellium model is given by the Hamiltonian

1 ,
H=>ecf,ces + 5 Z' V(Q)CE, € it +qoChomgo .1)
ko .k K
o5’
where
e’
Vig) = (2.2
Qg2
and
Wkt
€ = E (2.3)

Here ¢ and m are the charge and mass of an electron, respectively, and £ denotes the volume
of the system, that is thought to consist of 2N electrons. The operators ci, and C;:a describe
the annihitation and creation of a fermion having wavevector k and spin o, respectively.
The prime appearing in the summation over the momenturn transfers g indicates that the
q = 0 term is excluded in consequence of the homogeneous positively charged background,

The first step of the present boson formulation for the jellium model concemns the
calculation of the matrix elements of the jellium model using the complete set of eigenstates

of the kinetic energy operator appearing in (2.1). An eigenstate |m} of this set can be
expressed as

m) = (1‘[9(1@ — Uk DB(k: + g1l - kF)c:,.Wickm,)im @4)
i=1

where |0}, the filled Fermi sphere, is the ground state of the kinetic energy operator and kg
denotes the radius of the Fermi sphere. The matrix elements can be easily calculated. The
diagonal element {(m|H |m) is given by

i +
{m|Hm) = [ek —3 > V@) minkeg Im)] {m|npg lm} (2.5}
Rer q
where
1 if |k| < k¢ and (k, o) # (k;, 0:)
{mlngslm) = (m|ct cralm) = {1 if |k|> ks and (ko) = (ki + g, 7))

0 otherwise .
(2.6}
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The off-diagonal element {m|H|m'} is zero unless |m') is of the following form:
) = Cctrz'%’? Czr;ffm ) . 2.7

where the creation and annihilation operators refer to four mutually different one-¢lectron
states. This is a direct consequence of the two-body nature of the interaction term in (2.1).
The non-zero matrix element {m|H |m’}) is given by

(m[Hlmf) = [V(‘El - 23)arlrf6rzr{, - V('el - 23)5q1;631r§]a£1+£z,£3+!q- (28)

Next the matrix elements are used as the guiding principle for the formulation of the
jellium model in terms of a boson Hamiltonian Hg. In order to construct Hp, each fermion
state |m) is replaced by a corresponding boson state |g4,}. The set of boson states that
corresponds with the complete set of fermion states is obtained by replacing each eiectron—
hole pair c;'M”,ck,, with |k + q| > kr and |k| < kr by the corresponding boson operator
d}..(ko). The boson operators satisfy the commutation relations

ldy, (ko). df . (K'T)I=0
[dgo (ko). d;:z-'(krf)] = 3qq’8kk’80160'r’- - (2.9)

The replacement means that the fermion state |m) (2.4) corresponds with the boson state
m

[@am) = ( HQ(/CF ~ kDO k; + gi| — ke)dF (kiai))lmo) (2.10)
=1

where |@4g) Is the vacuum state for the bosons, i.e.
dgo'(ko)|pas) =0 (2.11)

for all q,k, o’ and &. Note that the restrictions |k;| < kg and {k; + q;| > ke in (2.10)
are superfluous, as the operators d;“,(ka) are defined for |k| < kg and |k + gq] > kg only.
Consequently they will no longer be mentioned expliciily.

Clearly the number of boson states that can be constructed in terms of the boson creation
operator d;’”, (ko) and the vacuum state |@40) exceeds by far the number of fermion states.
For instance a boson state like

Wcz) = d3 ., (k101 %, (k161 0a0) 2.12)

does not correspond with any fermion state, whereas a boson state like

loga) = —dy g (kao2)d} o . (Ry0)[pao) (2.13)

corresponds with the same fermion state as the boson state |¢42) defined in (2.10). For
clarity the complete set of boson states is divided up into three subsets A, B and €. Subset
A consists of states |¢4,) being in a one-to-one correspondence with the complete set of
fermion states [m) (2.4). Subset B consists of those boson states |@p,} that correspond with
fermion states aiready taken into account by the states [@4,) (cf. 2.13). Finally subset C
consists of boson states which do not correspond with any fermion state (cf. 2.12).

Now the boson Hamiltonian Hpg is constructed by requiring

(@am| H|@am) = {m|H|m)
{(Pam|Hplpan) = (m|Hm'} ' (2.14)
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for all fermion states |m) and |m’}, and further

{(@am| HBl@sm) = (@am|HBlocw) =0 (2.15)

for all boson states of the respective subsets. The correctness of this procedure follows
immediately from the form of the matrix representation of Hg, M(Hg), on the complete set
of boson states:

M(Hz) = ("(';‘ M(;c) (2.16)

where M, is the matrix representation of Hy on the subset A, i.e. M, is identical to the
matrix representation of the jellium model, and Mpc is the matrix representation of Hp
on the subset of the remaining boson states. Consequentely the boson system as described
by Hg is not equivalent with the jellium model but includes that model. The merit of the
present formulation is the separation of fermion and non-fermion states. This means that
the eigenvalues of the jellium model form a subset of all eigenvalues of Hg. In this sense
Hp can be said to describe the jellium model.
For constructional purposes Hp is written as

Hg = Hy + Hi + AHg (2.17)
where Hi, HZ and AHg are chosen such that

(@ am) Hal@am) = (@ aml H3l0am
(@am! Hal@am) = (@am| H2lQam") m#m
(@am|Hy + HE | Qum} = — (@am| AHp|@unm) u=80C. (2.18)

The construction of the terms A and HZ is given in appendix A. The remaining terms
A Hpy, however, cannot be constructed explicitly in general. The reason is a lack of criterion
for deciding whether a particular boson state belongs to subset A or 8 in the lower density
case when interaction terms with large momentum transfer g are important.

3. The high-density limit

The boson Hamiltonian Hg, which includes the full description of the jellium model at all
densities, cannot be constructed explicitly due to the complexity of A Hy as was mentioned
in the previous section. The algorithm given in section 2, however, can be applied to
simpler fermion systems, which allow an explicit description in terms of bosons. Here the
algorithm of section 2 is applied to a reduced form H of the jellium model, which has the
same ground state energy as the jellium mode! in the high-density limit.

The starting point of the present analysis is the following fermion Hamiltonian:

- 1 ’
He=) ecl,cnn =35 3 V(@8Uke ~ 06k — |k+q)

ko kqe
1 ’ '
+3 2 0=~ b6ke — K)0(k + gl ~ kB + g — ke)V (@)
q.k.k' o0

+
X [(C_ki_q.”r(:—k'g' -+ C:;arckl.l.qg’)(cg_l_qal:'kg + ci‘koc.-.k..qg)]. (3.1)
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As shown by Sawada [2], Ay has the ground state energy of the jellium model in the
high-density limit [3], namely

22
Ey = 2N[T _98 -|—00622|nr,]

5 Fy

(3.2)
where £ is given in Rydberg and the dimensionless parameter r; is given by
382\ me?
=f—) —. 3.3
& (smv) Y (3:3)
Sawada’s Hamiltonian Hs is obtained by simply replacing the fermion pair operator ¢, Cro

by the boson operator 2 ko (A I) and the electron-hole pair ¢, _ch;w with [k+g| > kg and
k < kg by the boson operator d; > (ko) ie.

Hs = Zj gy — Z V(g)tke — k)8 (ke — |k + ql)

k q.c
1 ’ )
t3 2. V@i (ko) + dgy (Ko)[d, (ko) +d_go(~ko)]
kK .g.ora’

34)

Clearly Hs does not describe a fermion system, as the eigenstates of Hg are linear
combinations of states belonging to the subsets A, B and C.

The fermion Hamiltonian A (3.1) still contains too many terms for the present purpose
of describing the fermion systemn (3.1) in terms of bosons. Notably interaction terms with
large momentum transfer § 2 kg, that do not contribute to the ground state energy in
the high-density limit (3.2) as shown in appendix B, prevent an explicit description of the
fermion system in terms of bosons. For that reason the algorithm of section 2 is not applied
to Hg itself but to a reduced form of Hg leaving out interaction terms with ¢ = kr. This
reduced form is the foliowing fermion Hamiltonian;

. 1
He = kz ke, o ~ 5 kz V(@)8(kr — k)8 ks — |k + )
WF .5 ‘

1 /2
+5 2 Bke—kBte —K)0(k + gl ~ kB(K + gl —kn)V (@)
q.kk 5.0

+ ' 4 + +
X (c_kr_ ot O + Ckrn..'ck’-g.qn-') (Ck-i- o Cka + C ko C_k_..qn-) (3-5)
q q

where the double prime appearing in the second summation over g indicates that this
summation i§ restricted to those terms satisfying 0 < ¢ < rike < |g+k + k| The
restriction ¢ < rs/ kr < lg + k' + k| must be imposed in order to obtain an explicit
description of Hg in terms of bosons, as shown in the following. The influence of this
restriction op the ground state energy in the high-density limit (r; — 0) is negligible (see
appendix B).

The boson Hamiltonian Heg, which describes the fermion system defined by (3.5), is
now obtained from the fermion Hamiltonian M by requiring

(@am Hepl@ant) = (miHsim')

(3.6)
{(Qam\Hrpl0am') = (@am| Heplocm) =0
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for all fermion states |m) and all boson states |@am), |@am). |@cm). For constructinnal
purposes Hyg is written as

Heg = Hep(0) + AHR(1) + AHmR(2) 3.7
where Hpg(0), AHpp(1) and A Hpg(2) must satisfy:

((DAMIHFBKOAM’) = (‘PAMIHFB(O)kaAm"}
{@am|Hrs(0) + AHm(Digen) = (@am| AHm(2)@cm) =0 (3.8)
{@am|Hrp(0) + AH () @pn) = (9am| AHm(1)|@zn) = 0.

The construction of Hps(0) is straightforward and gives (cf. (A.1) and (A.15)-(A.17))

Hyp(0) = Zekn,w -3 Zj V(@) ks — k)8 (ke — |k + gl)

k q.0
+ % kk‘z V(@Id? . (—K0") + dgo (Ko ")] [d], (ko) + d_go (—K0)]
a. oo’
- V(g + k+ K)dZ . (—~K'0)d}, (ko) + dgo (ko)A 4o (—K'0)]
~ 2V (k — K)d, (K" )dgs (ko) }. (3.9)

The only non-zero matrix elements of the type (@am|Hra(0)|@cn) are

(1) those between the states

[Qam} = d7 o (k107 @am—1) lpcm) = gy, (k303)dGE), (Kso )| @am)
where (k303) = (k1)) or (g303) = (@) + k; — k301) and
{2) those between the states
|¢Aﬂl) qln(klal) qzdz(kzazf)lmﬁm-z} I‘PCm) Q3u3(k303) 4.54(’340'4'.’)"?.4»!)
where (kso3) = (kioy) and (keop) = (k202) or (gs03) = (gt + ki — ko) and
(ksoy) = (kaoa) or (qzos) = (g + ki — kzon) and (uas) = (g + k2 — ko).
Consequently A Hpg(l), which must compensate these matrix elements, is found to be:

AHm(D=— Y {N(g.k0,0)
q.k.k o0 )

— IN(g. k,0,0)N(~q. =K', 0", 6"V (q)dy (ko )d_gp (~k'p")

— [N(g. k,0,0") — 3N(q, k,0,6)N(~q. ~k', 6", 0)]

x V(g + k + k) dyor (ko) d_ge(—k'c")

+ N{(g. k, 0, 0)V{(Q)dgo (ko )i}, (K o’

- N{(g, k,0,0")V (k — kg (ko) (K'o)} + cC (3.10)

where

N(g, k1, 01, 1) = —dJ, (R101)dg,, (k1))
+ Z[ oo (k10 dge(R1o) +d 4o (@ 0tk (@]



A deseription of the high-density electron system in terms of bosons 2527

The effect of AHpg(2), which must compensate matrix elements of the type
(@ am| Heg (Dl@sn}, is an additional restriction on the summations in (3.9). This restriction
can be phrased as follows: taking into account the term proportional to

d) (—k'o)d} (ko)

means discarding the term proportional to

Ayt ks (KN o ().

Such a restriction cannot be made mathematically explicit in general. In the present case,
however, this problem does not apply as the restriction due to A Hyp(2) is already contained
in the relatively simple restriction ¢ < r, Ve < lg+k+ K| ie.

AHgp(2) =0. 3.11)

It should be remarked here that {3.11) does not hold at lower densities, where interaction
terms with momentum transfer ¢ 2 kg become important for the ground state energy and a
restriction ¢ < r;’*kr < |g + k + k'] cannot be imposed.

The Hamiltonian Hpg, given by (3.7), (3.9), (3.10) and (3.11), includes the full
description of a reduced form of the jellium model with the same ground state energy
as the jellium model in the high-density limit. In this sense Hrp can be considered as a
three-dimensional analogue of Tomonaga’s Hamiltonian for the one-dimensional electron
systemn.

It is interesting to compare Hpg with Sawada’s Hamiltonian Hs {3.4), which also leads
to the exact ground state energy of the jellium model for r; — 0. The two Hamiltonians
differ strongly from a fundamental point of view. The present Hamiltonian Heg is a boson
formulation of the fermion system defined by (3.5) whereas Hs does not inciude a description
of a fermion system at all, i.e. its meaning is unclear.

4. Conclusions

The purpose of the present paper is to describe the interacting electron system in terms
of bosons. The present boson formulation consists of an algorithm for the construction
of a boson Hamiltonian Hg, which includes a full description of the jellium model at all
densities. An explicit construction has been presented for a reduced form of the jellium
model with the same ground state energy as the jellium model in the high-density limit. The
obtained Hamiltonian Hrg has baen compared with Sawada’s Hamiltonian Hs, which also
gives the exact ground state energy of the jellium model for r; — 0. In contrast with Hpg
the Sawada Hamiltonian does not describe a fermion system. Consequently a full analysis of
the high-density electron system in terms of Hg is questionable from a fundamental point of
view. Notably the conclusion cannot be sustained that the elementary excitations of Hg do
indeed correspond with the elementary excitations of the jellium model in the high-density
limit.

The present boson formulation has not lead to new numerical results nor to a boson
Hamiltonian that seems promising for a calculation of the properties of the eleciron system
at lower densities. At first sight the appearing Hamiltonian Hg (2.17) seems an attractive
starting-point. For it seems natural to neglect the very complicated term AHp and to
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diagonalize the bilinear part of H}+ H2 while accounting for the remaining terms of Hg+ H3
by means of a perturbation calculation. However, there is a hidden probiem here. Namely,
at lower densities interaction terms with larger momentum transfers become important.
This means that a neglect of A Hg can no longer be justified. Therefore such a perturbation
procedure lacks a satisfactory systematics just as a perturbation calculation starting from
Sawada’s Hamiltonian, i.e. the results of such a calculation are just as questionable.

In summary: the significance of the present boson formulation lies in the fundamental
sphere, not in the practical one. However, this does not mean that applications are excluded,
e.g. a calculation of the electron—positron interactions as done previously by Arponen and
Pajanne [9] using Sawada’s method. For the present the question has been raised and
answered in which way the interacting electron system can be described in terms of bosons.

Appendix A

The construction of the terms Hy and Hg of the boson Hamiltonian Hy (2.17) proceeds as
follows. First Hy is considered. In order to construct this term the following boson operator
is introduced:

Nk, = 8(ke — k) + Z’[d;,(k — qo")dg (k — o’y — ], .(ko )dgor (ko). (A1)
g0’

It can be shown that:
(1) the boson states are eigenstates of ns, and
(2) nEg[@AM) = npg|m).

Consequently it holds:

i ’
Hy = E [eknf.,, -3 E V(q}n2+q,n2ﬁ]. (A.2)
ko q

The term M2 is obtained by expressing H? as

9
Hi =Y Hi®) (A3)
=l

where the nine terms HZ(i) refer to the nine different types of off-diagonal matrix elements
(2.8). These types are characterized by the signs of ;| — kg, j = 1,2, 3, 4, where it must
be taken into account that a permutation of £, and £; or £; and £; does not lead to a new
type of matrix element. The nine types are:

(1) 1411, 1£21, 1€3], |€4] > ke

(2} 1811, |£:1, 1E3], |€4] < ke

(3} 18] < kg, €2, 1£3], |£a] > kg
(4) |€3] < kr, [£4], |£2], 1€4] > kg
(5 161} > kg, |£2], 143], |84| < &
(6} 13| > kg, [€4}, |€af, |€af < R
(1) 1&il, 1€2] < ke, |€3], |€a] > R
(8) 1&1], 12| < kp, |€3], |€s]| < ke
9 1411, |2a] < %, |€2l, |€3] > kg
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The construction of the terms Hg}(i ),i=1,...,9 is straightforward, As an example the
term HZ(1) is constructed here. The translation of fermion states into corresponding boson
states is facilitated by putting £) =k + qi, €&, = k2 + g2, &3 = k( + g}, £4 = k) + g; with
k1], [k2] < kr. Then the states |m) and {m’) as given by {2.4} and (2.7) can be expressed
as follows:

jm) = (’.:1+qm Ckyo (,’,':2+q rzckzﬂztm -2)
= (Ad)

P +
im’y = Chy+q,z] Chim Ckz-l—q;réckw!lm ~2)

where the fermion operators refer to six mutually different fermion states and [m — 2} is
given by

i —2) = (]'[eucF — Wik + i — kF)e;,H,,.,,ck,..,,)xox (A.5)
i=3

e
Clearly the corresponding boson states |¢4,) and |@an ) read:

l0am) = dg,., (k101)d ], (k202) | @an-2)

: + (A.6)
10am) = dq,1 T (k1o )dqi‘-'é (k202)|Qam—2)

where

dgyr, (B101)|@am—2) = dgyv, (k202}|Qam—2) = dgirj(R101)|@am—2)

= dgyvt (k202)}@am-2) = 0. (A7)
The requirement (A.7) follows directly from the correspondence of ¢ 4,,—2} with the fermion
state |m — 2} given by (A.5). Using
(@am| HE(DI@am) = V(@ — 4080180

— Vikz + @2 — k1 — §1)80)8r, . Bgirar. 0 (A.8)

for any pair of boson states of the type given by (A.6), H3(1) is found to have the form

1 ’ r

2

Hy(1) = P E Z Spy+p2 P, +0,
L PP kR e

x V(@) — P (ko) (' Vg (k) o (K )

— V(&' +p2 — k — pi)d} (ko)dS (K 0")dy o (ko )dpe (o)) (A9)

where the primes appearing in the summations indicate that terms containing V(0) are
excluded as well as that the boson operators must be such that the corresponding fermicn
operators are all different. Note further that the relevant matrix elements of H3(1) between
the boson states of subset A are indeed all zero except for those pairs of states as given by
(A.6). Consequently H3(1} is correctly expressed by (A.9).

The remaining terms of H2(1) (A.3) can be constructed analogous to Hz(1). They are
found to be

1 ' ’
Hi@Q =5 3 ) Skekkiesy
kida k) Ky @eo’
x [V(.k] - k;)d;_l_k; _kla(klr)d;:_'_ké._kwr(er’)dqrr (k; 7)dq'n"(k5t’)

— Vik, — k;)d;+k;_kl”(k,r)d; +ks_kzd,(kzr’)dq,,(k; )y (k3T)]  (A.10)
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HG) = Y. D V@), (ko)d}, (ko)dy(k'a")

q.p.p. Tk a0
~ V@ + K — kd}, (K o"d], (ko )dp: (K'0"Y8p gip (A.11)
H@) = [HZ3)T* (A.12)
HEG) = Y Y V@) e (ke dgo (k) Ty (1o
By ko k. 0.0 00
= Vi = kA g0 (R2T)dgo (K10 Vgror (., )4 (A13)
H3(6) = [HA ()T (A.14)
HET) = 5 T V@t Ko ko)
q kK00 -
— V(g + b+ KNy (K0 (o] l“ (AI5)
HX®) = [HEDTF (A.16)
HX9) = Z’ [V(g)d], (k0" Ydgs (ko) — V (k ~ K )dE, (K o Ygq (ko). (A.17)
q.k.koc'

The primes appearing in the summations indicate that the terms with V(0) are excluded
as well as that the appearing boson operators must be such that the corresponding fermion
operators are all different.

Appendix B

Consider the Hamiltonian HY, which is obtained from Hg (3.1) by taking into account only
those interaction terms with momentum transfer ¢ < gp << kg, where gp is some cut-off

momentum transfer. In the high-density limit (r; — 0), the ground state energy of H{ can
be expressed as follows [7, 8]:

22 09 3 (9P [ e
Eg—zN[r—z—Z-]-lﬁTzr?'(T ./;mdu.[g 4.Tl'qd.q

5

x [m [1 + %‘)} - x;z)]] (B.1)

where

x () = (4r; /m)(@/9)'P[1 — g arctan(1 /u)). (B.2)

The integral over g can be easily calculated leading to

22 09 3 (9m\F e rrgd
Eo—2N[?-?+ IGJTI’SZ(T) j;mdu[(-&— )

2 Z 4 2
xln(x+q—§)-xq—g-q—2lnq—g+lenx]] (B.3)
) ' TR
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This result gives the exact ground state energy (3.2) in the limit r;, — O provided that
GEIKE > Xmax» WheTe Xmax = x(0) = (4r;/m)(4/97)'/ is the maximum value of the
function y. This requirement is satisfied by choosing g5 = rsl / 4k|= 85 Xmax IS proportional
to r;.

In order to show that Hr (3.5) leads to the exact ground state energy (3.2) it must be
argued now that the additional restriction |g+k+&'| > ri¥ ke, which is the only difference
between He and Hp, does not affect £y up to order Inv, ie.

lim
re=>0

[(1/2N)[<<ao|ﬁ.é|<ao) - (%[lesﬂu)}} -0 B

lnr;

where |gg) is the ground state of H’[f-. For that purpose the following function is introduced:

Foo(q, K, k') = 18(r{"*kr — q)0Uke — k)0 ks — K)O(k + g| — ke). 8K + gl — ke)V (@)
x [(@ollcT iy _gorCmtor + CFyigo I} goCho + €y Ck—gnll@a)].  (B.5)

Using (3.1) together with the definition of ﬁ,’, and using (3.2) and (3.5) it appears that in
the limit r; = O:

N Fona.k k) = 2N(0.0622107;)
k¥ .g00

3 60 e — ke + K + qD Fag, ke, B = {golLignt — (ol Helgo). ®.6)
k.k q.0,6'

Consequently AL and Hg have the same ground state energy in the high-density limit if

. ' T ' » ' g , _
Jim, [(k.kf;,g,.f(r’ ke =tk + K +q) Foo (q,k,k)) / ( Y. Feorla, k’))] 0.

k.k' .q.0.0
(B.7)

The denominator in the lefi-hand side of (B.7) can be expressed as follows in the limit
rs —> 0O

4 7 I 1 Kk
Z Frm’(Qs k, k’) = Cf qquf d.xf dJJ[ kzdk
0 ] 0

k.k .00 kr—~gx

kp , 2
X f k' *dk! f dqa.vaa,(q,k,k',x.y)] (B.8)
& 1]

F=qy
where x, y and ¢ are defined by
k-q=kqx
kK -q=1kgy

k kK =kkixy —+v1-x2/1 - ylcos¢] (B9

qo = kprs' / and C is some constant. It should be remarked that the function F is independent
of ¢. The reason being that each function value Fyo(g, k, k') can be interpreted as a sum



2532 L G J van Dijk and G Vertogen

over ring diagrams. The numerator in (B.7) is also of the form (B.8), but now the following
restriction must be imposed:

g* + K2+ k4 2gkx + 2Ky + 2K [xy — /T — x2/1 — y2cos o] < k2rl2, (B.10)

It can easily be checked that for r; — 0, where it holds that ¥ — kr, ¥’ — kr and ¢ are of
the order of rsl / 4](]-7 or smaller, the restriction (B.10) leads to:

I-3e2 <cosp ] @B.11)

i.e.

O0gp<ge (B.12)

where ¢ is of the order of r;’*. From (B.8) and (B.12) it follows directly that the requirement
(B.7) is satisfied, i.e. Hi and Hp have the same ground state energy in the high-density
fimit.
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